Shortcuts to adiabaticity, originally developed in the context of quantum control, are powerful tools for the design of high coupling efficiency, robust, and short coupled-waveguide devices. The counterdiabatic protocol cancels the unwanted coupling in system evolution by the addition of a counterdiabatic term. The invariant-based inverse-engineering approach designs system evolution using the decoupled eigenstates of the Lewis-Riesenfeld invariant. The single-shot shaped-pulse technique directly parameterizes the solution of the coupled-mode equation. Starting from the counterdiabatic protocol, we show that these seemingly very different shortcuts to adiabaticity techniques are equivalent in the framework of coupled-waveguide systems. In device design, the goal is to achieve transfer from the initial state to the final state (i) with a high coupling efficiency, (ii) with high robustness against variations in fabrication and/or input wavelength, and (iii) with a short device length. The parallel-waveguide directional coupler achieves 100% coupling efficiency by designing the coupling strength Ω r and the coupling length L r to satisfy Ω r L r π∕2, and the minimum device length is limited by the maximally achievable coupling in the chosen waveguide system. However, it is well known that such resonant coupling schemes are less tolerant to parameter variations. On the other hand, the adiabatic couplers do not require strict fabrication control and have the desired broadband characteristics. The idea of adiabatic devices is to have the system following the adiabatic states of the device while minimizing the coupling between the adiabatic states. However, these devices have to be sufficiently long to satisfy the adiabatic condition. Moreover, the coupling efficiency is in general only close to, but less than 100% [1, 4] .
Coupled-waveguide devices have been widely used in integrated optics, with applications in power coupling between waveguides [1] , mode conversion [2] , polarization rotation [3] , etc. In device design, the goal is to achieve transfer from the initial state to the final state (i) with a high coupling efficiency, (ii) with high robustness against variations in fabrication and/or input wavelength, and (iii) with a short device length.
The parallel-waveguide directional coupler achieves 100% coupling efficiency by designing the coupling strength Ω r and the coupling length L r to satisfy Ω r L r π∕2, and the minimum device length is limited by the maximally achievable coupling in the chosen waveguide system. However, it is well known that such resonant coupling schemes are less tolerant to parameter variations. On the other hand, the adiabatic couplers do not require strict fabrication control and have the desired broadband characteristics. The idea of adiabatic devices is to have the system following the adiabatic states of the device while minimizing the coupling between the adiabatic states. However, these devices have to be sufficiently long to satisfy the adiabatic condition. Moreover, the coupling efficiency is in general only close to, but less than 100% [1, 4] .
The design problem is analogous to the problem of coherent quantum system state control with laser pulses, with the goal of performing precise and robust state transfer in a short time. In this framework, several techniques have been developed to optimize quantum state transfer, such as the parallel adiabatic passage [5] , composite pulse-sequence technique [6] , and a family of protocols called shortcuts to adiabaticity (STA) [7] . These schemes provide design rules to shape the profile and phase of the laser pulses to achieve the desired transfer properties. Using the analogies between quantum mechanics and wave optics in weakly coupled waveguides [8] , we have recently proposed a series of coupled-waveguide devices using the STA protocols based on the counterdiabatic technique [9] [10] [11] and the invariant-based inverse engineering [12] [13] [14] [15] [16] [17] . The counterdiabatic technique adds extra coupling in the design to cancel all unwanted coupling between the adiabatic states [18] [19] [20] [21] , and the invariant-based technique treats the system evolution using the eigenstates of the Lewis-Riesenfeld invariant [22, 23] . These two methods both guarantee 100% coupling efficiency in an arbitrarily short device length (limited by physical realizability) but appear quite different in form. In this Letter, we show that, in the framework of coupled-waveguide devices, these two approaches are equivalent with different parameterization and can be further linked to a recently developed STA technique using a single-shot shaped pulse [24] . The optimization technique based on invariant engineering [25, 26] and the single-shot shaped-pulse technique [24] can thus be directly applied to the design of robust coupled-waveguide devices using STA.
The theory described in this Letter can be applied in general to weakly coupled waveguide structures described by the coupled-mode theory. For the convenience of theoretical derivation, we consider two waveguides, waveguide 1 and waveguide 2, placed in proximity with propagation constants β 1 and β 2 . The refractive index or geometry of the two waveguides are allowed to vary along the propagation direction z. Light is coupled into the device at z 0 and out at z L. Under the scalar and paraxial approximation and assuming weak coupling [27] , the changes in the guided-mode amplitudes in the individual waveguides jΨ o i A 1 ; A 2 T with propagation distance is described by the coupled-mode equation as
where Ω (real) is the coupling coefficient and Δ β 1 − β 2 ∕2 describes the degree of mismatch between the waveguides. Replacing the spatial variation z with the temporal variation t, Eq. (1) is equivalent to the time-dependent Schrödinger equation (ℏ 1) describing the interaction dynamics of a two-state system driven by a coherent laser excitation, and H 0 is the Hamiltonian. The goal in coupled-waveguide device design is to obtain the desired output jΨ o Li from the input jΨ o 0i by properly selecting Ω and Δ. We can transform Eq. (1) to a new basis jΨ u i U † u jΨ o i using a unitary operator U u , and the resulting coupledmode equation in the new basis is
Constructing U u U a using the adiabatic basis that diagonalizes H 0 ,
where θ tan −1 Ω∕Δ, the coupling matrix in the corresponding transformed coupled-mode Eq. (2) in the adiabatic basis
, and the adiabatic approximation neglects the second term to solve the uncoupled system in the adiabatic basis. So, the system evolution is approximated by the adiabatic states, and the evolution can be designed by engineering θ through Ω and Δ. If the adiabatic criterion is not satisfied, the system state cannot follow the adiabatic states, resulting in coupling errors.
A counterdiabatic term
y , where σ y is the Pauli spin matrix, can be added to H 0 to undo the effect of nonadiabatic coupling such that the system evolution follows the adiabatic states exactly even when the adiabatic criterion is not satisfied [18, 21] . The counterdiabatic protocol Hamiltonian is thus H 0 H cd Ωσ x − _ θ∕2σ y Δσ z . However, for linear coupled-waveguide systems, the σ y term corresponds to an imaginary part in the coupling coefficient that is not physically realizable.
A physically realizable protocol can be constructed by recasting H 0 H cd into a new basis defined by jΨ z i U † z jΨ o i with [10] U z e
where ϕ tan −1 _ θ∕2Ω. The resulting coupling matrix
Casted in the new basis, it can now be realized using the coupled-waveguide system, and the system evolution follows the adiabatic states of H 0 exactly.
We 
jΨ
The solution of Eq. (6) can now be fully described by
where c 1 and c 2 are z-independent amplitudes because jΨ z i and jΨ − z i are decoupled. To this end, we can make formal comparisons with the other STA techniques. Equations (7)- (9) are equivalent to describing the system evolution by the linear combination of the decoupled eigenstates of the LewisRiesenfeld invariants, i.e., Eqs. (5) to (7) in [16] , but with different parameterization of θ, ϕ, and γ. The formulation is also equivalent to the result in [24] , where the system solution of Eq. (6) is parameterized in the form of Eq. (7), and θ, ϕ, and γ are linked to Ω s and Δ s by substituting Eq. (7) into Eq. (6). Now, we have established the equivalence of all three STA techniques in the framework of coupled-waveguide devices. All three approaches use the same decoupled states to describe system evolution with different parameterization. As we will show next, state-evolution engineering is achieved by setting appropriate boundary conditions at the input and output such that the decoupled states coincide with the desired input and output. There is much freedom to design Ω s and Δ s as long as the boundary conditions are satisfied. The freedom allows optimization of system evolution to be robust against different errors.
To describe 100% coupling between two coupled waveguides by Eq. (6), the initial and final states of the system are set as jΨ z 0i 1; 0 T and jΨ z Li 0; 1 T , respectively. Looking at Eq. (9), the state evolution may be parameterized according to one of the decoupled states jΨ 
this guarantees Ω s 0 Ω s L 0 as long as we set Ω0 ΩL 0, so the waveguides are well-separated at the beginning and the end of the coupling region.
To find the optimal sets of Ω s and Δ s , which are robust against errors, we nullify the derivatives of the coupling efficiency at z L with respect to the considered errors.
As an example, we consider error in the coupling coefficient in the form of δV δΩ s σ x , where δ is the amplitude of the relative error. We first determine the projection of jΨ z Li on to the unperturbed solution jΨ z Li perturbatively. Considering δV as a perturbation, we have
The coupling efficiency is then P jhΨ z LjΨ z Lij 2 . To optimize the system robustness against perturbation, the problem is now reduced to nullify the integrals in P to a given order of δ. The second-order robustness problem has been solved elsewhere [26] and applied to directional-coupler [16] and polarization-rotator [17] design. Here, we adapt the approach in [24] and parameterize γ as a function of θ: γθ 2θ C 1 sin2θ C n sin2nθ ; (13) with the choice θz πerf4z − 2LL 1∕2. Using the results from [24] , we can nullify the third-order integral in P by simply choosing C 1 −1; C 2 0; C 3 0. The obtained coupling coefficient Ω s and detuning Δ s are given in Fig. 1 .
We now illustrate the design of a directional coupler using the coupling coefficients in Fig. 1 and perform beam-propagation method (BPM) simulations to verify the designs. The polymer-channel waveguide structure is the same as the one considered in [16] . The waveguide spacing D and widths W 1 , W 2 are adjusted along the propagation direction to satisfy the designed set of Ω s and Δ s functions. Details on the mapping from Ω s and Δ s to waveguide parameters can be found in [16] . The directional coupler is designed at a length of L 2 mm. Using the exponential relation between Ω s and D and the linear relation between Δ s and δW W 1 − W 2 [16] , we obtain the corresponding waveguide parameters W 1 , W 2 , and D as a function of z, as shown in Figs. 2(a) and 2(b) . The geometry of the designed directional coupler is shown in Fig. 3 . We excite waveguide 1 by its unperturbed mode at z 0 with a input wavelength of 1.55 μm, and the BPM result is shown in the same figure. Power is coupled completely to waveguide 2 as expected.
In Fig. 4 , we show the coupling efficiency against Ω s error. The coupling efficiency for a parallel-waveguide directional coupler of the same length is also shown for comparison (the parallel-waveguide design corresponds to the resonant coupling scheme with a constant coupling coefficient and should not be confused with the parallel adiabatic-passage scheme in [5] ). Clearly, the STA design shows better robustness than the simple parallel-waveguide design. The approach allows one to design coupled-waveguide devices with high coupling efficiency, high robustness, and short length. As a caution, we note that the Ω s and Δ s profiles for higher-order robustness oscillates more and more [24] , leading to large bends and width variations in the devices. These effects will induce more loss in the transmission and have to be considered in device design.
In conclusion, we have unified three STA approaches that can be used to design high coupling efficiency, robust, and short coupled-waveguide devices. We illustrated a robust design by nullifying the derivative of the coupling efficiency against coupling coefficient error to the third order. The result allows one to choose freely among the STA schemes for device design depending on applications and guarantees the same robust result regardless of the scheme chosen. The derived connection could also find applications in its original problem of quantum control.
